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ABSTRACT: Polyfunctional cross-linking of polydisperse copolymer primary chains is described theoreti-
cally, and dependences of structural parameters on conversion (o) before and after the gel point are derived.
In particular, concentrations and average molecular weights of the sol, the elastically active network
chains and their backbone chains, and dangling chains are given as functions of a. The theory can be
used for chemical as well as physical gelation processes. A generalized theory of branching processes
(TBP) is used, in which two sets of variables are introduced, for units and for links.

1. Introduction

Verification of theories of rubber elasticity as well as
deeper understanding of relations between the structure
and mechanical and other physical properties of polymer
networks require knowledge of detailed network topol-
ogy [sol fraction, concentration of elastically active
network chains (EANC) and their topology—length and
distribution of dangling chains (DC) and backbone
chains (BC)]. It was found that the chain ends and
trapped entanglements affect the value of equilibrium
modulus,~2 whereas the shape of viscoelastic functions
in dependence on frequency and temperature in the
main transition region also depends on the length of the
DCs.#"7 The strong increase in the width of the retarda-
tion spectrum with increasing number and length of
dangling chains was observed for polyurethane®6 as well
as epoxide” networks. It was also established that the
decisive influence on the spectrum width is exerted by
the increasing molecular weight of DCs. Therefore, a
theoretical description of the network formation process
in terms of parameters characterizing not only the
average length but also the distribution of various
substructures as a function of cross-linking conversion
has been introduced.8® Using the theory of branching
processes (TBP) such description was already used for
cross-linking of polyepoxides” with polyamines and of
polyols with polyisocyanates®® (alternating stepwise
polyaddition reactions).

Theoretical models for the calculation of network
parameters in cross-linking of primary chains have been
developed and described by many authors."19-22 In most
cases, only the information about the concentration of
EANCs and the amount of sol fraction (polymer mol-
ecules that are not bound to the network) were obtained.
The TBP was used to describe covalent cross-linking of
polymer molecules!?~14 where every monomeric unit was
able to take part in tetrafunctional cross-links (e.g.,
vulcanization of natural rubber). Later on, the proba-
bilistic approach for multifunctional random cross-
linking of polydisperse primary chains was generalized
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by Pearson and Graessley.l” However, in many cases
the number of potential cross-links is limited, e.g., the
primary chains are composed of more than one type of
structural units (e.g., isobutylene copolymerized with
several per cent of isoprene to make it vulcanizable).
Block copolymers with glassy or crystalline domains and
ionomer networks can serve as other examples. More-
over, in many physical thermoreversible gels, the chains
are connected by junction zones of high and, in general,
unknown functionalities (PVC gels in plasticizers, aque-
ous gelatin, agarose, carrageenan, and PVA gels?2:23),
These systems consist of chains which are not covalently
but ‘physically’ cross-linked, the cross-links themselves
being of low energy and/or of finite lifetime, but the
cooperativity makes them relatively strong. As was
mentioned recently,?*=26 some common features of ge-
lation of covalently and noncovalently cross-linked gels
exist and a model of physical gelation requires that the
molecular weight distribution of primary chains be
known together with the number of sites per chain and
the length of junction zones with their distribution along
the chain. Recently, Tanaka and Stockmayer described
thermoreversible gelation of primary chains with junc-
tions of variable multiplicity.?” Although several theo-
retical models for special cases of network formation
from polymer chains exist, to our knowledge, no unified
description of chemical and physical gelation with
detailed development of structure topology of multi-
functional polydisperse homopolymer or copolymer pri-
mary chains was suggested in the literature.

The theoretical model presented in this paper can be
used for chemical as well as physical gelation, for
homopolymer or copolymer primary chains, possibly
with more than one type of link (distinguished, for
example, according to the type of structural unit issuing
a link), with nonrandom distribution of the numbers and
types of links per primary chain, and with polydisperse
multifunctional cross-links. This description is based on
a generalization of the TBP,282° where separate sets of
variables for structural units and links are introduced
in generating functions (this approach has already been
used for description of network formation by stepwise
polyaddition reaction®39-32), It uses the improved gen-
eration of structures from units which enables one to
take into account correlations exceeding the nearest
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EANC

Figure 1. EAC (elastically active cross-link) is a junction with
at least three independent paths leading to infinity, EANC
(elastically active network chain) is part of a gel between two
EACs composed of an elastically active backbone chain (BC)
and dangling chains (DC). The primary chain may belong
partly to BCs and partly to DCs. Finite branches (finite
continuation) are denoted by (1 and infinite branches by V.

neighbors and guarantees possibility to obtain the
number distribution of size and composition of sol
molecules (not always possible in existing theories). The
model allows one to describe, in dependence on the
conversion of the cross-linking reaction, not only the
amount and composition of sol and gel, but also sub-
structures in sol and gel. Special attention is paid to
the explanation of relations between the mathematical
theory of branching processes and application to a
network structure, which is a weak point in the litera-
ture. As an example, the system with a limited number
of potential junctions along the chains is analyzed. It
should be mentioned that the suggested model takes
into account only random (uncorrelated) ring formation
which generates cycles only in an infinite structure (gel)
but not in finite substructures like EANCs, BCs, and
DCs.

2. Basic Considerations

Typical building units used in TBP are monomeric
units or their parts, but sometimes larger fragments are
formed during the network formation process (e.g.,
chains by initiated reaction3®), or larger pre-prepared
molecules (e.g. primary chains) with a given nonrandom
degree of polymerization/composition distribution enter
the cross-linking reaction. Such units (chains) should
be taken as building units in order to keep the precision
of structure generation. In such a case, substructures
of sol and gel are not composed of the whole building
units but only of parts of them. Thus, the structure of
such objects depends on the internal structure of the
building units (e.g., in the case of primary chains, on
the sequential distribution of structural (monomeric)
and cross-linked units (zones) along chains), and ad-
ditional specific considerations are necessary in order
to characterize these objects.

The various substructures in a gel (Figure 1) can be
defined as follows:

(1) An elastically active cross-link (EAC) is a junction
issuing three or more bonds with infinite continuation.

(2) An elastically active network chain (EANC) is a
sequence of units issuing one or two bonds with infinite
continuation.

(3) An elastically active backbone chain (BC) is a
sequence of units issuing two bonds with infinite
continuation (an EANC without dangling chains).

(4) A dangling chain (DC) is a sequence of units
issuing one bond with infinite continuation.

3. Specification of the Model

We will consider a network formation process in
which polydisperse copolymer primary chains are cross-
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Model: dummy unit +
structural units

Junction

Figure 2. Junction is represented by an artificially introduced
dummy unit (O) together with cross-linked structural units.
In the figure, two types of structural units (® <=1 and O < 2)
and dummy units (O < 3) are distinguished, and the links
are characterized by pairs of types of connected units, (i, j). A
distinction is made between the orientations of links. Oriented
links are characterized by an ordered pair of numbers [i, j],
where the first number, i, is the type of unit itself and the
second, j, is the type of unit linked to it. (From the viewpoint
of a unit, it is a link oriented from unit ‘i’ or issued by this
unit.)

linked and junctions of variable functionality (multiplic-
ity) are formed. Primary chains are composed of “re-
peating” or “structural” units of several types. The types
of structural units can be changed when they are cross-
linked or they can even be redefined (for example, in
the case of a physical network with microcrystalline
junctions, a sequence composed of n structural units of
type A bounded into a crystalline junction can be
redefined as one structural unit of type Bp).

For mathematical purposes, we represent a junction
as an object composed of an artificially introduced
dummy unit and structural units linked to it (Figure
2). This stratagem has already been used for modeling
network formation by cyclotrimerization of polyacety-
lenes and polyisocyanates compounds.343% The function-
ality of a dummy unit is equal to the number of
connected chains, and the functionality of a junction is
assumed to be twice as large. Links are characterized
by pairs of numbers, (i, j), where i and j are usually
types of linked units. Generally, i and j characterize the
chosen neighborhood of a link (in the molecule) in the
both directions. A distinction is made between the
orientations of links. An oriented link is characterized
by the ordered pairs of numbers, [i, j]; this sequence
[i, j] means looking out from i to j.

Building units—primary chains and dummy units—
are characterized by the composition vector k =(kj, ko,
...) and the numbers and types of oriented links by vector
I = (l11, li2, ...), where k; is usually the number of ith
type structural units in a building unit, and I is the
number of oriented [i, j]-links issued by a building
unit.s°®

The input information of our model is a set of molar
concentrations (or molar fractions) of building units,*
{c21", as a function of the extent of reaction (conver-
sion or cross-linking index). This set is composed of two
subsets: the set for chains, {ck i}, and the set for dummy
units, {Ck} (or {C}).4

An additional input information is required for gel
substructures which depend also on the sequential
distribution of structural units and links along the
chain. In this article, the random one is assumed. (For
different sequential distributions, the corresponding
part of the procedure should be modified.)

We will derive structural parameters for this general
model, and as an example we will give random cross-
linking of polydisperse homopolymer primary chains
complicated by the assumption that only a fraction r <
1 of all structural units is available as cross-linkable
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(active) units, and these active units are randomly
distributed along chains.

The distribution of building units is bound by the
balance conditions which follow from the fact that
[i, jI-links and [j, i]-links are equal in number

B = B; (1)
where

B = Zlijcﬁ‘j"d 2)

is the concentration or the number per building unit of

[i, j]-links (according to the meaning (normalization) of
build
1

{c
The TBP describes the structure which is generated
by the following logical construction: in every moment
of the reaction, the system is split into building units
and then these units are randomly reconnected with the
numbers and types of links issued by them before
splitting being respected. For a given [i, j]-link, one of
the [j, i]-links is chosen with the same probability, and
the building unit which this link belongs to is recon-
nected. The (conditional) probability p:i', that a build-
ing unit which is connected to another unit by a
[i, i]-link, has composition k and | oriented links not
counting the link used for connection, is therefore
proportional to the number of its [j, i]-links:

Py = (i + 1)cy (g yHL,. By, ()

Note that the number of [j, i]-links of the considered
building unit is (l;j + 1) because one of the [j, i]-links
which is used to connect this unit is by definition not
included in Ij;. Note the reverse order of subscripts i, j
in the definition of p;! , which is necessary for handling
generating functions (see the next section).42

This construction removes possible correlations which
arise if more complicated cross-linking mechanisms are
operative, e.g., if the ability of a structural unit to be
joined with a junction depends on the number of cross-
linked units in the chain and on the functionality of the
junction. For such systems, we should adopt a more
general ‘type’ of link: a link is characterized by the
structure of the neighborhood of the link in both
directions up to a chosen distance (shell). The larger the
chosen distance, the better the approximation, but then
serious problems arise with obtaining the input infor-
mation.

In addition, this construction generates cycles only
in an infinite structure—gel—because the probability to
close a ring in a given finite structure, i.e. to choose
randomly a link of this structure among the infinite
number of all available links, is zero. This statment is
valid for finite molecules as well as for finite substruc-
tures like EANCs, BCs, and DCs.

If the set of distributions {py! } is known, then it is
possible to calculate distributions of various fragments,
branches, or molecules by using the rules for dealing
with conditional probabilities. However, the equations
become simpler and more elegant if the generating
function formalism is used.

3.1. Generating Functions (GF). The degree-of-
polymerization distribution of primary chains, {cp}, and
functionality distribution of dummy units, {Cg}, can be
transformed into GFs g(z) and G(z) of these distribu-
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tions, defined in a standard way:

00

9(2) = ;cpzp (4)

iCFzF (5)

GFs g(z) and G(z) depend on an auxiliary variable z.
In definition (4), primary chains are characterized only
by the number of structural units, and therefore, only
one variable is used. This variable corresponds to a
structural unit, but it has no physical meaning.

Similarly (eq 5), the dummy units are characterized
only by the number of links, and the variable z repre-
sents a link. Using GF, structural parameters can be
expressed in a simple form, e.g., the average value of
polymerization degree of primary chains is

PO = ch,,/ZcP =g'(1)/g(1) (6)

G(2)

where g'(arg) = [dg(z)/dz],=arg. Note that variable z does
not occur in the eq 6. At the end of calculation, it was
substituted by a particular value, in thiscase z=1. In
general, auxiliary variables do not occur in formulas for
guantities with physical meaning, for structural pa-
rameters.

The GFs may depend on more than one variable.
Variables concerning structural objects can be divided
into two categories:28

(1) Variables of the first category, Z = (Z1, Z2,...),
correspond to objects, by numbers of which various
(sub)structures (building units, molecules, branches,
EANCSs, etc.) are characterized. Structural units play
the role of such objects. They should be distinguished
according to properties of our interest, usually molecular
mass.

(2) Variables of the second category, z = (z11, Z12, .-+
Z21, ...), correspond to oriented links and enable us to
construct a GF of various objects in a way similar to
construction of the objects themselves: adding a build-
ing unit to a fragment is represented by substitution of
the corresponding oriented link variable. These vari-
ables do not appear in final objects like molecules,
branches, EANCs, as they have no unused links for
further connection. Note that these variables have
usually two subscripts but they are arranged in one row
or column (in arbitrary, but fixed order) to represent a
vector, not a matrix.

The use of these two sets of variables enable us to
define types of links independently of the definitions of
types of units. Thus, the theory becomes more flexible
and its logical structure is simplified.

The basic GF from which all other GFs will be derived
is the Fn(Z, z) of molar concentrations or molar fractions
of building units, defined as follows:

FoZ,2z) = (z oz Znzg. 2
—_ kizky Sl lin
= (z Cx 121255214z 5... +
kizka Sl i
Z Cr 12125221925

= Fhinz, z) + FIY(Z, z) (7)
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The subscript ‘n’ indicates proportionality of coefficients
to the numbers of building units (molar fractions, molar
concentrations), as distinct from proportionality to the
weights (weight fractions, weight concentrations) marked
by ‘w'. In the literature, Fn(Z, z) is called GF for the
zeroth generation, and usually several GFs are defined
for individual types of units, e.g., Fo(z) = (Foi(2),
FOQ(Z), )

In the simplest case of homopolymer primary chains,
two oriented links are distinguished, from a structural
unit to a dummy unit and from a dummy unit to a
structural unit, say a [1, 2]-link and [2, 1]-link. There-
fore, two variables, z;, and zp;, are introduced, and
arranged in the order z = (212, Z21).

The GF Fn(Z, z12, z21) for cross-linking of homopolymer
primary chains with a general distribution, {cp}, of
degree of polymerization, P, and of number of cross-
linked units ([1, 2]-links), I, can serve as an example

FnlZ, 215, 25) = ZCP 2725, + ZCFZZI
=F"Z 20 TRz (@)

where F&(z1) = G(z21) (see eq 5).

In the literature, the special case of the previous one—
random cross-linking—is usually considered. It is char-
acterized by the assumption that any structural unit is
cross-linked with the same probability a. In this case

Cp1 = cp(,P)a'(l - ) ©

FolZ, 215, 251) = 9(Z(1 — o + 0z4,)) + G(z,,) (10)
where g(z) and G(z) are GFs of distributions {cp} and
{C¢g}, respectively (egs 4 and 5).

We will also analyze a random cross-linking compli-
cated by the assumption that only fraction r < 1 of
structural units of each chain are “active” units avail-
able for cross-linking. The distribution {cp } and the GF
Fn(Z, z12, Z21) have the following form

rP
CP,I = CP( | )(1 - a(:t)rP ! Iact (11)
Fo(Z, 215, Z1) = 9(Z(1 — 0oy + 0iZ15)") + G(Z,1) (12)

where aqc is the fraction of cross-linked units among
active units (0act = ar).

The GFs

F(Z, z) = (F11(Z, 2), F1(Z, 2), ..., F5(Z, 2), ...) (13)
of distributions {pE,,} (eq 3) of building units linked by
a [j, i]-link are defined in the same way as GF Fn(Z, z),
and they can be expressed in terms of derivatives of
Fn(Z, z) (eq 7):

Fiy(Z.2) = ;pﬂ.zklzkz 275 25

oF.(Z, z
_F22)

.
9z;; )

(14)

where Bj; given by eq 2 can be expressed using GF:

Macromolecules, Vol. 33, No. 10, 2000

_0F,(L, 1)

N oz,

(15)

The construction of GFs for larger fragments, mol-
ecules, or branches is based on two simple mathematical
theorems: (a) convolution of distributions and (b)
combination of a random number of distributions. These
theorems can be found in basic textbooks on probability
theories (for example, see ref 36) as well as in specialized
books on the (mathematical) theory of branching pro-
cesses.?” Hence we will only indicate these theorems,
but we will pay special attention to the relation between
GFs obtained by application of the theorems and the
structure parameters of a network, which is a weak
point in the literature.

The convolution {c,} of the distributions {an} and {bn}
is defined by the equation ¢, = agb, + aijbp-1 + ... +
anbp and the relation for GF C(z) = A(z)B(z) is easy to
recognize when the GFs are defined in a standard way:
A(z) = Ynanz", and similarly for B(z) and C(z). The
relation to our problem is shown by the following
example: If {an} represents, for example, the probability
distribution of the number of links of one unit, then the
distribution of the total number of links of two units is
given by the convolution of {a,} and {an}. The reason
is as follows. The total number of links of two units is
equal to n if one of the following (n +1) cases occurs:
(0, n), (4, n = 1), ..., (n, 0) where the components of the
pairs are the numbers of links in the first and the second
unit. Thus, the probability of this event is equal to (apan
+ ... + ando). This theorem can be extended for any
number of distributions and also for multivariate dis-
tributions where the subscript n and the variable z are
vectors, e.g. the GF of three building units linked by
[2, 1]-links and two building units linked by [1, 2]-links
is F3,(Z, z)F5,(Z, z). The fragments, each composed of a
building unit (root) and its nearest topological neighbors
(first shell, first generation), are a combination of such
cases, each with fixed numbers of links of the root.
Thus the GF of the molar concentrations of the frag-
ments is equal to ypcp 1 Z5Fi,(Z, Z) + SFCEF5(Z, 2) =
Fn(Z, F(Z, 2)), where the structural units of the root
were taken into consideration by the factor Z¢. Hence,
substitution z;; — Fij(Z, z) in the GF of some fragments
gives the GF of fragments larger by one shell. Similarly,
if u;j(Z) is the GF of branches rooted by a [j, i]-link, then
substitution z;; — uj;(Z) adds branches; e.g. Fn(Z, u(2))
is the GF of the molar concentration distribution of
objects, each composed of building unit and branches
connected to it, i.e. of rooted molecules. Now we are
ready to search for logical relations between such
nonphysical quantities (like the distribution of rooted
molecules) and many structural parameters.

3.2 Structure Parameters of the Sol. Gel Point.
GFs of branches, u(Z) = (u11(2), u12(2)....), where u;j(2)
is the GF of a branch rooted by a [j, i]-link, can be in
principle obtained by successive (cascade) substitutions
zij — Fii(Z, z) in GFs F(Z, z), repeated infinite number
times: F(Z, F(Z, F(Z, ...))). Actually, every branch can
be seen as an object composed of the ‘root’ building unit
of the branch and the branches linked to the root.
According to the theorems, such objects have GFs
F(Z, u(2)); they must be equal to the GFs of the
branches themselves, u(Z). Hence, functions u = u(2)
are obtained by solving the set of equations

u=F(Z, u) (16)
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The GF of the molar concentration distribution of
molecules, N(Z), can be derived using the fact that a
ring-free (tree-like) molecule composed of n building
units has (n — 1) links between them. Since n — (n — 1)
=1, N(2Z) is equal to the difference between the GF of
the molar concentration distribution of molecules
weighted by the number of building units and that
weighted by the number of links. Both of these GFs are
easily accessible.

The distribution of rooted molecules has the GF
Fn(Z, u(Z)) (see above), since a rooted molecule can be
imagined as a building unit (root) + branches. But this
distribution is the desired one—the distribution of
molecules weighted by the number of building units—
because every molecule is chosen to be rooted as many
times as the building units it contains.

Similarly, the distribution of molecules “rooted by a
link”—objects each composed of two branches starting
from a common link—is a distribution of molecules
weighted by the numbers of links. The probability
distribution that such objects start from a nonoriented
(i, j)-link is given by a convolution with GF u;j(Z) u;i(Z).
The molar concentration distribution of molecules “rooted
by a link” is equal to the sum of such terms weighted
by the concentrations of corresponding (nonoriented)
links. These concentrations are equal to Bjj = Bji =
Y5(Bij + B;i) for nonsymmetrical links (i = j) and /,Bi;
for symmetrical (i, i)-links. This results in the following
expression for GF N(Z):

1
N(2) = Fn(Z, u(2) - EZBUUU(Z)UH(Z) (17)
L

The weight concentration is defined as the product
of the molar concentration and the molecular weight of
the respective object. The GF of the weight concentra-
tion distribution of objects (building units, molecules,
etc.) is therefore obtained by application of an operator
Dy, defined as:

_ 0 0
D, = (Mlz, iz, T MeZag ) (18)

to the GF of the molar concentration distribution of the
objects. Mj, My, ... are molecular weights of objects to
which the variables Z;, Z,, ... correspond (structural
units of individual types). In particular, application of
Dw to the GF F,(Z, z) leads to the GF of weight
concentrations of building units, F,(Z, z):

F.(Z,z) =D,F,(Z, 2) (29)

and application to the GF N(Z) gives the GF of weight
concentrations of sol molecules, W(Z):

W(Z) = DuN(2)
= D,Fn(Z, u(Z)) + d F(Z, u(2))D,u(2) -

zBijuji(Z)Dwuij(Z)
]
=F,(Z, u(2) (20)

where the operator d is defined:

ds(a 9 ) (21)

0Z,1 074,
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Note that Bjju;i(Z) = dFn(Z, u(Z))/ozi; according to eqgs
14 and 16. In this article, application of the operators
Dw and d does not mean the differentiation of a
composed function (e.g., Dw Fn(Z, u(Z2)) = Dw
Fn(Z, 2)lz=u@)-

Equation 20 for the GF W(Z) can be recognized
directly: the GF of the weight concentration distribution
of rooted molecules (=building unit + branches) is
according to the theorems obtained by substitution z;;
— Uu;jj(2Z) in GF Fw(Z, z). But this distribution is equal to
the desired one because every molecule becomes a rooted
one whenever one of its building units is chosen to be a
root, with a weight equal to the sum of the molecular
weights of its building units, i.e., to the molecular weight
of the molecule itself.

The function values of u(Z), Dyu(Z), Du(2), ... at
point Z = 1 are needed for the calculation of the
number-, weight-, z-, ... average molecular weights.

The set of equations (16) at point Z = 1 for v = u(1)

v =F(1, V) (22)

has always as a solution v = 1. After the gel point, there
is also another solution v = 1, v;j € [0, 1] which are
called extinction probabilities; vj; is defined as condi-
tional probability that an [i, j]-link has a finite continu-
ation, i.e. that a branch rooted by a [j, i]-link is finite
(composed of a finite number of building units).

The equation for Dy, u(Z) can be derived even without
solving eqs 16, by applying the operator D,, to both sides:

D,u = D,F + dFD,u (23)
This yields the following solution at point Z = 1
D, u(1) = (diag 1 — dF(1, v)) 'D,F(1, v) (24)
where diag 1 is the unit matrix, and

oF,/0z,,,  0F,/0Z,,, .
dF = |0F,/0z,,, 0F,/0z,,, .. (25)

The next application of operator Dy, to eqs 23 leads
to equations for the second differentials of GFs u(Z):

D2u =D2F + 2D, dFD,u + ddFD,uD,u + dFDZu
(26)

The third term on the right-hand side deserves an
explanation: it is a vector whose [i, j]-th component is
the expression Y mn(9?Fij/0zk19Zmn)(DwUii)(DwUmn). 1N
such a way any differentials of u can be obtained.

The number-, weight-, z-, ... average molecular weights
of (sol) molecules, My, My, M, ... are given by

_ D,,N(1) F.(1, V)

"TTND) 1 (27)

Fa(1,v) — EZijBijVijVji

__ D,W() D,F,(1, V) +dF,(1, v)D,u(1)

vowa) Fu(l,

1) w(l, V) (28)

_ _ Dl

z DWW(l) (29)
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When the gel point is reached, My, (and higher
moments) diverges. This happens if Dyu(1) diverges,
i.e., if the matrix of the linear equation system for
Dwu(1) becomes singular:

det (diag 1 — dF(1, 1)) = 0 (30)

Since Dyu, D2u, D3u, ... are given by linear equation
systems with the same matrix, diag 1 — dF(1, 1) (only
right-hand sides of the systems differ), the averages My,
Mgz, Mz41, ... diverge at the same time.

The weight fraction of sol, ws, is equal to the ratio of
the weight concentration of building units taking part
in finite molecules (sol), Fw(1, v), and the weight
concentration of all building units, F,(1, 1):

w, = F,(1, v)/[F,(1, 1) (31)

(Note that a building unit belongs to the sol if all its
links have a finite continuation.)

3.3. Structure Parameters of the Gel. The stan-
dard description of a gel structure for the theory of
branching processes cannot be used if the gel structure
objects (EACs, EANCs, BCs and DCs) are not composed
of building units, as is the case of cross-linking of
primary chains: some parts of the primary chain may
belong to DCs and other parts to BCs (see Figure 1).
Thus, basic units, which the gel objects are composed
of, are structural (repeat) units. The structure of gel
objects depends on the sequential distribution of struc-
tural units and links along primary chains. We show
calculations for randomly distributed structural units
and links along primary chains. In other cases, different
procedures should be used which may be more difficult
but also easier.

The concentrations of EANCs or DCs are related to
the distribution of junctions which are characterized by
the number of issuing finite and infinite bonds. The GF
T(zsin, zing) Of this distribution depends on two variables
corresponding to the bond with finite (zsin) and infinite
(zinf) continuation. Junctions are composed of randomly
chosen structural units and thus GF T(zsin, Zinf) can be
expressed in terms of a GF of structural units distin-
guished by the numbers of intrachain bonds with finite
and infinite continuation, linked by an [j, i]-link,
Sij(Zfin, Zinf):

T(Zfins Zing) = ZCI[SII(Zfin' 2] [S12(Zsins Zind)] ™
= F1'(S(fins Zind) (32)

There are six possible “states” of cross-linked struc-
tural units (Figure 3) for each type of oriented link.
These states are distinguished by the numbers of bonds
with finite and infinite continuation, g and o, respec-
tively, 0 < 8 + 0 < 2. The distributions of structural
unit states linked by a [j, i]-link, {cisjtﬁd}, are given in
the Appendix. Here, the distribution of states {c;f)} for
homopolymer chains will be derived. A general distribu-
tion {cp,} of chains with the degree of polymerization
P, and I cross-linked units ([1, 2]-links) is assumed. The
GF Fﬁh"’“”(Z, z1,) of the distribution {cp,} is defined by
eq 8.
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Figure 3. States of cross-linked structural units distinguished
by the number of (chemical) bonds (existing before cross-
linking in primary chains) with finite (0) and infinite (—)
continuation. [The vertical lines represent links between
structural units and dummy units (depicted by arcs) (see
Figure 2)]. The first and the second subscripts are equal to
the number of bonds with finite and infinite continuation,
respectively. State 00 occurs when a primary chain is composed
of a single structural unit (monomer). States 01 and 10 occur
when the cross-linked structural unit is an end unit of a chain;
the inner cross-linked structural unit of a chain is in the state
20, 11, or 02. In the literature,!” only three states are
distinguished, by the number of bonds with infinite continu-
ation: 0 < (00 + 10 + 20), 1 < (01 + 11), and 2 < 02, which
is an appropriate simplification for long chains or within a
“continuous” model of a chain.

A structural unit is in the state 00 if it is the only
unit of a chain (P = 1) and it is cross-linked):*3

Coo = Cp=y1=1 = 82F?1ham(0: V)I0Z02,, (33)

The average number of cross-linked end units per
(P, 1) chain is 21/P. The probability that the remaining

(I — 1) links have a finite continuation is v},*. Hence

|
st -1
Coo = 2 z Z —Cp V1o
= =1 P

— 5 18thain(ta Vi) dt ZaZF%hain(Q Vi,) (34)
0 0z,, t 020z,,

(Note that 1/P = [itPdt/t and IV},' = [d(t")/dt]i=y,,.) The
number of cross-linked units not being end units per
(P,l) chain is (P — 2)I/P. Concentration ¢y, is given by

I
4= 3 31— 2oty

_ aFahain(l, V12) ~ N 3F;hain(t, V12) g

0Z4, jf; 0Z4, t
aZFchain 0, v
n ( 12) (35)
020z,,

since all (I — 1) remaining links must have a finite
continuation. The probability that at least one of the
remaining (I — 1) links has an infinite continuation is
(1 — vi;h, and hence it follows that

I _
Cétl =2 ; Z E Cp (1 — V|121

_ flaFﬁham(t, 1) dt 1OFRN(E, Vi) dt (36)
0 0z, t 0 0Z,, t
A unitis in the state 11 if (1) it is the first or last cross-
linked unit in the chain but not an end unit of the chain
(the probability 2(1 — 1/P)) and at least one of the
remaining (I — 1) links has an infinite continuation (the
probability 1 — v'l_zl) or (2) it is the ith cross-linked unit
in the chain, i = 2, ..., I — 1, all links in the chain in
one direction from this unit having finite continuation
and at least one link in the other direction having
infinite continuation (the probability vi;*(1 — v.,) +
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(1 — vi;hVhL). Hence, for concentration ¢S we get

= ; ZCP |{ ) Vo' (1 — Vi) + (1 — v v, ] +

2(1 - E)(1 — it ]
1

_ A -

Ffwhain(lv Vi) B ZBF;hain(l’ V1,) _
1-vy, 0Z4,

L OFEAN(E, 1) gt 1 OF(E, Vi) dit

Js 9z, ot 0 9z, t (37

The probability that the ith cross-linked unitina (P, I)
chain, i=2,..,1-1, is between units whose links have

an infinite continuation (02 unit) is (1 — vi,%) (1 — v.,).
Therefore ¢, can be expressed in the following form:

-1
o= ;2 ZCF’" 1 —viHa - v,
> > i=

V|12
—;ZCP,I(1+V )—2
1-vy,

IFeAIN(L, 1) RN, v,,) B
0z, 0Z4,
hai hai
zFﬁ N1, 1) - F(A, vyp)
1—-vy,

(38)

The sum of all six concentrations is equal to the
concentration of cross-linked structural units. In the
general case given in the Appendix, this statement is
valid for each type of oriented link, [j, i], issued by
structural units:

st st st _
uoo + Cijio T clel + Cijao T cull + Cjjoz =

leick,l =B; =B (39)

Finally, the GFs Sij(zsin, Zinr) of the numbers of bonds
with the finite and infinite continuation of a unit linked
by a [j, i]-link (GFs of unit states) are defined as follows:

_ st st st st 2
Sii(Zfin Zind) = Pijoo T PijioZfin T Pijo1Zing T Pij20Zfin T
st st 2
Pij11ZtinZint T PijooZine (40)

where {p; ﬁé} are the probability distributions of unit
states obtalned by normalization of the concentration
distributions {c,m}.

pisjtﬁé = Cisjﬁél zcum = uﬁé (41)

Thus, the basic GF T(zsin, zinr) (eq 32) for the gel
structure description is known.

The GF of the molar concentration of EACs,
E(zsin, zing), i.€. concentration of junctions with at least
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three bonds going to infinity, reads:

_ 9T (Zgin, 0)
E(Zfin, Zind) = T(Zfin, Zind — T(Zfin, 0) — oz Cinf T
inf
2
19 T(Z4n, 0)
2 g2 G (42)

inf

[see definitions (32) and (40)]. The effective functionality
(the average number of bonds with infinite continuation)
of EACs, f, is

CE@, 1)

= IE(L 1) (43)

inf

Each bond with infinite continuation issued by an EAC
contributes by /, to the number of EANCs, and thus
the molar concentration of EANCSs, v, is given by

#T(1, 0)
inf 82 i nfz
(44)

_10E(, 1) _

L 1(0T(A, 1)
€ 2 0z

2\ 0z,

aT(1, 0) _
0Z;

inf inf

if the GF FS"@"(Z, z) is normalized to the total concen-
tration of primary chains, c®, (FS""(1, 1) = cg). If
Fehainz, z) is the GF of molar fractions of primary
chains F"@"(1, 1) = 1), eq 44 gives the number of
EANCSs per primary chain, Ne:

N, = v./c, (45)

Note that for calculation of v, cross-linked units are
sufficiently distinguished by the number of bonds with
infinite continuation only (three states). The v, does not
depend on sequential distribution of units and links
along the chain provided only one type of the oriented
link exists in chains.

DCs start on bonds with a finite continuation of a
junction in BCs, i.e., on junctions with at least two bonds
with infinite continuation, the GF of which, B(zfin, Zinf),
is given by

B 9T (Zfin, 0)
B(Zfin' Zinf) - T(Zfin! Zinf) - T(Zﬁnv O) - 8Z—_fzinf
n (46)
Thus, the molar concentration of DCs, vpc, reads
9B(1,1) _aT(1,1) 9T(L,0) #T(1,0)
Vbc = = - (47)
0Zg, 0Zgp, 0Zgi, 0Zi,0Zing

The concentrations of ith type structural units be-
longing to BCs, cgc,i, for copolymer primary chains with
a general concentration distribution of the numbers and
types of units and links, {ck}, assuming the random
sequential distribution of units and links along chains
are given in the Appendix. Here, the cgc for homopoly-
mer primary chains with the concentration distribution
{cp,} will be derived.

A primary chain can partly belong to BCs and partly
to DCs (see Figure 4). The part of a chain belonging to
BCs is situated between two outermost cross-linked
units with infinite links. Infinite links are distributed
randomly along chains with a fixed number of units, P,
and a fixed number of infinite links, I'. Hence, the
average numbers of units between two successive
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Part belonging to BCs

‘ I

’ (P,1) chain

Figure 4. Structural units between outermost cross-linked
structural units with infinite links belong to BCs.

infinite links are the same, i.e. equal to (P—I)/(I' + 1).
The average number of units belonging to BCs per such
achainisthus (P —-1IN(I'=1)/(I' + 1) +1I'=2+P —2/(I
+ 1) — 2P/(I' + 1). The fraction of (P, I) chains with I'
infinite links is equal to (}) (1 — vi2)'Vl,". Hence, the
concentration of units belonging to BCs, cgc, is given
by the equation

o=, ZCP'Z(Z BTt |'251)(:')(1 -

Il
Vo) Vip

) aFchain(l 1)
_ chain n ! _
=2F;7(, 1) +—BZ
2 [TFEN(L, vy, + (1 vip)t) dt —
X flaFg“ai"(l, Vi, + (1 — vpo)t) ot
0 0Z
8F?1hain(1v Vio) —-v )aF;hain(lv Vi,)
9z 12 9z,

(48)

where FS""(Z, 7, is the GF of the distribution {cp,;}
(eq 8).

The weight fraction values of EANCs (gel is an
assembly of EANCS), wg; of BCs, wgc; and of DCs, wpc,
in a general case of copolymerization are given by the
formulas

Wy =1—w, (49)

Wge = zMiCBC,i/FW(lv 1) (50)
1

Wpe = Wy — Wpge (51)

_ The number-average molecular weights of EANCs,
Meanc,n; BCs, Mgcn; and of DCs, Mpcn, are given by

Meancn = (Fu(1, 1) = Fy(1, V), (52)
MBC n ZM Csc. o (53)
'\_ADC,n = (F,(1,Vv) - ZMiCBC,i)/VDC (54)

The cycle rank ¢ (the number of gel links that must
be cut to get a spanning tree) is equal to the number of
all links in the gel minus the number of the gel building
units (with normalization, e.g., to molar concentrations):

1 aF.(1, 1)
t==> -V

2 4 z;; v z;;

aF. (1, v)

- (R 1) -

Fa(1, V) (55)
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Figure 5. Number-average degree of polymerization of (sol)
molecules, Pn; of EANCS, Peanc,n; 0f BCs, Pgcn; and of DCs,
Pocn, and weight-average degree of polymerization of (sol)
molecules, Py, as a function of a/oy for the system with uniform
distribution of polymerization degrees in the primary chain
and junction functionalities, P = 4000 and 2F = 8.

The quantities ¢, fe, and v, fulfill the known relation38

f,— 2

e

(56)

4. Discussion

Usually two variables are used in literature for
analysis of the effect of input parameters on the network
structure formed by cross-linking of chains, namely the
ratio o/ag (the reduced cross-linking conversion) or the
cross-linking index vy, = an (the average number of
cross-links per primary chain). While the ratio a/ayq is
usually used for analysis of network structure at low
cross-linking, close to the gel point in physically cross-
linked systems, the index vy, is used for analysis of
structure in networks prepared by vulcanization of
primary chains.

The gel point conversion, ag, is obtained by solving
eq 30. For random cross-linking of homopolymer chains
complicated by the assumption that only part r of all
units are cross-linkable (Fn(Z, z) given by eq 12), o4 can
be expressed explicitly as

o = r 1
©orPy,—-1F, -1

(67)

where |53V is the weight-average degree of polymeriza-
tion of primary chains (PSV = YpP2%cp/ypPcr = g"(1)/g'(1)
+ 1) and F; is the second-moment average functionality
of dummy units (F; = SEF2Ce/SEFCE = G"(1)/G'(1) +
1). Random cross-linking (see eq 10) is the special case
with r = 1.

The evolution of the structure as a function of the
ratio a/ay before and after the gel point is shown in
Figure 5 for random cross-linking of homopolymer
chains (see eqs 9 and 10) with P = P2 = P, = 4000 and
junction functionality 2F = 8. As expected, with increas-
ing al/og, the polydispersity of the system, Pw/Pn,
increases before the gel point and at the gel point (eq
30), Py — = (also Py /P, — ). After the gel point, the
number-average polymerization degrees of EANCSs,
Peanc,n; of backbone chains (BC), Pgcn; and of the
dangling chains (DC), Ppcn, decrease. Much higher
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Figure 6. (a) Weight fractions of backbone chains, wgc, and
dangling chains, wpc, and (b) number of EANCs per primary
chain, Ne, and effective functionality of EACs, fe, as functions
of a/agy for systems with uniform distributions of degree of
polymerization and junction functionality, varying P and F. P
=4000, 2F =4, —; P =14000,2F =20, ---; P =4,2F =4, --+;
PO =4, 2F = 20, ----.

Peancn values than those of Pgcn in the vicinity of the
gel point reflect the fact that many dangling chains are
present on a backbone chain. Upon increasing the extent
of the cross-linking reaction, the number of DCs de-
creases and Peanc,n approaches Pgc .

The weight fractions of the backbone chain units, wgc,
and of the dangling chain units, wpc, as well as the
number of EANCs per primary chain, N, (eq 45), and
the average effective functionality of EACs, fe, (eq 43)
as functions of the reduced conversion o/og in the postgel
region are shown in Figure 6. The curves are calculated
for two values of primary chain length, P = P2 = P), =
4 and 4000, and two values of junction functionalities
(2F = 4 and 20).

The maximum of a wpc versus o/ag plot does not
depend on the junction functionality in agreement with
the Pearson and Graesley!” results. Semiempirical
calculations of te Nijenhuis?! give the same result for
junction functionality 2F = 4. For higher functionalities,
smaller values of the maxima were obtained. An analy-
sis shows that for sufficiently long chains (P = 30), the
maximum of a wpc curve does not depend on the degree
of polymerization of primary chains, P, while for short
chains, it decreases with decreasing P. The last state-
ment is valid for our “discrete” model of a chain, where
the whole structural unit belongs either to a backbone
chain or to a dangling chain. In comparison with a
simpler “continuous” model, smaller weight is ascribed
to dangling chains [cf. 2(P — i)/(i + 1) for the discrete
model and 2P/(i + 1) for continuous model, where i is
the number of cross-linked units with infinite continu-
ation]. For the continuous model, the maximum of the
Wpc curve increases with decreasing primary chain
length P.

This behavior can be explained as follows. The height
of the maximum of a wpc curve depends on the average
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Figure 7. (a) Number of EANCs per primary chain, N, as a
function of cross-linking index y, = aﬁﬂ, and (b) number of
EANCSs per structural unit, Ne/ﬁﬂ, versus a for systems with
uniform distributions, varying P and F. P = 4000, 2F = 4, —;
P = 4000, 2F = 20, ---; P = 4, 2F = 4, ---; P? = 4, 2F = 20,

value of 1/(i + 1), i.e. on the width of the distribution of
the numbers of links with infinite continuation, i, if the
average number of i is fixed (given by the conversion at
which the maximum occurs). In our example, the
distribution of the number of links (all links as well as
links with infinite continuation) is binomial, which
approaches the uniform distribution (02700 1) if the
number of potential links (the number of units) is
sufficiently high (the order of tens should be sufficient).
For shorter primary chains, the width of the binomial
distribution and hence /(i + 1)Oas well as the
maximum of the wpc curve increase. For the discrete
model with decreasing P, the decrease in the weight
fraction of DCs in comparison with the continuous model
is more pronounced than its increase due to widening
of distribution of the number of links, which results in
decrease of the maximum of wpc.

The effective functionality of elastically active cross-
links, fe, is equal to 3 at the gel point and grows to its
maximum value 2F(1 — 1/P) at full conversion (Figure
6b). In the case of primary chains with general distribu-
tion of polymerization degree and link number, {cp,},
the maximum f, is equal to the averaged value, 2F(1—
1/ O(provided extinction probabilities approach zero).

In Figure 6b, the number of EANCs per primary
chain, Ne, is plotted as a function of a/agy. ldentical
results were obtained by Pearson and Graesley.” The
results of te Nijenhuis'® agree for long primary chains
and not very high conversions provided his v, means 2
x cycle rank (see eq. (56), ve, approaches 2¢ only for
junction functionality 2F = 4 (if fo = 4)).

For o 2 504, the N is proportional to the extent of
cross-linking reaction. If it is expressed as o/ag, the slope
of the Ne curve depends on the junction functionality,
which, in turn, can be determined from the known
(experimentally obtained) N, vs o/0g dependence. The
slopes of the Ne vs yn, (Figure 7a) and the number of
EANCSs per structural unit, Ne/P?,, vs a dependences
(Figure 7b) do not depend on primary chain length and
junction functionality for sufficiently long primary
chains and high conversions. These dependences are
linear, being nearly proportional. In the latter case, the
magnitude of the shift from the proportionality in-
creases with decreasing P2 and F.

In Figure 8, the effect of varying primary chain

degree-of-polymerization distribution for I52 = 4000
and 2F = 4 on network structure can be seen. Three
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Figure 8. (a) wec and wpc and (b) N and f vs o/og for systems
with P2 = 4000 and F = F, = 4, and varying degree-of-
polymerization distribution of primary chains: uniform
(P2/P? = 1), —; narrowed random, eq 58 (P2/P% = 3/2 — 1/P% ~
3/2), - - -; random, eq 59 (P/P° = 2 — 1/P?  2), ---.

distributions are used: (1) uniform, (2) narrowed ran-
dom

np=(1-ag)’q" 2P -1) q=1-2/P) (58)

with P%/P% = 3/2 — 1/P°, and (3) random (most prob-
able)

np=(1—qq®™" q=1-1/P) (59

with PO/P% = 2 — 1/P%. The higher the polydispersity
P\‘,)V/P?, is, the larger the fraction of short primary chains
is, which leads to larger differences of structural pa-
rameters compared with those for the uniform distribu-
tion, as expected from the discussion of Figure 6.

The effect of a fraction r of all structural units
available for cross-linking on network formation (see eqgs
11 and 12) is shown in Figure 9. As expected, the
fractions of DCs and BCs of the system with P = 4000,
r = 0.001 are close to those of the system with P = 4000,
r =1 (in both cases 2F = 8) at the same value of cross-
linking index yn. A greater value of the maximum of
Wpc in the former case is in accord with the discussion
of Figure 6a because (1) continuous model of a chain is
approached for P — e, r — 0 and rP = const and (2) the
maximum number of links, rP, is small (equal to 4). The
wpc at full conversion is equal to 2/(4 + 1) = 0.4 for the
continuous model and O for the discrete model with P
=4, r = 1. Cross-linking with P = 4000, r = 0.001 and
with P =4 and r = 1 gives the same number of EANCs
per primary chain, Ne, and average effective functional-
ity of junctions, f., because the distribution of the
number of links is the same in both the cases. For rP?
=z 30, the differences become negligible.

5. Conclusions

The presented theoretical description of network
formation of existing chains is applicable to chemical
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Figure 9. (a) wgc and wpc and (b) Ne and f. versus y, for
systems with uniform distributions of P and F, 2F = 8, varying
P and the fraction of “active” (cross-linkable) units, r. P = 4000,
r=1,—; P=4000,r=0.001,---;P=4,r=1, --.

as well as physical cross-linking, to copolymer polydis-
perse chains, and to polydisperse junction functional-
ities. Dependences of structural parameters on the
extent of cross-linking reaction before and after the gel
point are derived. In particular, the concentrations and
average molecular weights of sol, EANCs, BCs, and DCs
are given as functions of conversion a or of the number-
average cross-linking index yn. The input information
which must be supplied by the user is (1) the distribu-
tion of molar concentrations or molar fractions of
primary chains characterized by the numbers and types
of units and oriented links and (2) the distribution of
molar concentrations or fractions of junctions character-
ized by the numbers and types of oriented links—both
distributions as functions of the extent of cross-linking
reaction. The types of units and links are defined by
the user.

The theory is based on the generalized theory of
branching processes (TBP)?82° in which two sets of
variables are used in generating functions, for units and
for links. In this way, the logic is simplified and the
theory becomes very flexible. Formulas for structural
parameters are written in a general form which is
independent of the specificity of a particular polymer
system. Special care is given to the explanation of all
logical steps, specifically to the application of the
existing mathematical theory to the description of
polymer network structure, which is a weak point in
the literature.

The description of gel substructures required modi-
fication of the “classical” TBP because they are not
composed of building units (primary chains) but parts
of them (structural units) (different parts of a primary
chain belong to several backbone chains and/or dangling
chains). The structure of such objects also depends on
the sequential distribution of structural units and links
along a primary chain, which is assumed to be random.
Similar procedures can be used for different sequential
distributions.
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Appendix. States of Cross-Linked Structural
Units. General Case

Six states of cross-linked units are distinguished for
each type of oriented links. The states are characterized
by the number of (chemical) bonds (existing before cross-
linking in primary chains) with finite and infinite
continuation. Random distribution of structural units
and links along a primary chain is assumed.

32 Fﬁhai”(O, V)

Cioo = V' ey = . (60)
N - ' w0205
=
Chio = 2 ﬂv"li'ck’I
k=2
chain 2—chain
LA V) gt IF (0, v)
= 2]2) —_— 2y (61)
0z;; t m 02,07
uzo = Z( ) - 1jiC|<,| (62)
k>2

hai hai
FFAN(1, v) B RN, v) dt )

3z 0 3z;; t
82Frc1ham(0, V)
—— (63)
W 02,07
IJOl = ZZ_(]- - I lll)Ckl
k=2
_, 0Pt 1) gt 5 1 PFIn(1t, v)dt 64)
-~ “Jo 0z t 0 3Z, iz
' IJI - I' 1
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' , I
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-1
2y 3y ra v
k=3 I'=2
lei]ck,l (68)
;[I + v =21, .21;. (' ~ L ) -
v)" ! Cry (69)
I'+1) !

_ gFehain(q 1) N AFEhaIn 1 v) ~
szi 8zji_
LOFANT v+ (1 — V)E)

2|/£) - : 0Z::

J1

dt (70)

The concentrations of structural units of ith type
belonging to BCs, cgc i, are given for copolymer primary
chains with general concentration distribution, {ck,},
assuming random sequential distribution of units and
links along chains.

Cac,i = ZZCK.ZD (2+ _m_%)(:')"'_"

a-wv" (71
LOFEhaIN(1t, 1) aFg“a‘“(l, L
0 3Z, 0Z.

WFINIE, v+ (1 — VL)

2J5Js 7z,

dtl dtz -

X flaFg“ai“(l, vi@a-vy o oFL"(L,v)
0 0Z; Z;
[fa-v adF°ha'”( 1t, v)d ¢ @2
0 9Z;
The following symbols were used:
=1, +1,+ .. (73)
=1, +I,+.. (74)
k=k, +k,+ ... (75)
vi= Vi (76)
1 _ |11 |12
)= ie)(). -
1,=0,...,0,1,0,...) (78)
—
ljlth
componet
t=(t,t, ...) (79)

(1 -vt=(1- vt (L -Vt ...)  (80)
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